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1. INTRODUCTION 
This article includes a discussion of some of the primarily algebraic 
questions associated to the uniformization of a punctured sphere. In the 
preparation of this material, we have been aided by [2], which is as yet 
unpublished. 
From Poincare [S], it is known that if S is a finite subset of P& of car- 
dinal > 3, ’ then the universal covering space of P&\S is conformally 
equivalent to the upper half complex plane 9. So there is a Fushsian group 
f= fs of the first kind, together with a covering map 
i=jb,:$j+P&\S (1) 
such that each libre is a r-orbit. 
Given S, Ts is determined to within conjugacy in PSL,(R); given S and 
fs, As is determined to within an element of PSL,(@) which fixes S. 
In addition, there is an isomorphism between the fundamental group 
7c, (Pk. \S) and Ts such that for p in S the “loop around p” corresponds to a 
unipotent element y,,. If rp is the unique fixed point of yp, then r,, is either 
real or co. In the former case, we let t range over the open disk of radius 
one centered at r,, + i, and from the uniformization theorem we obtain, in 
the two cases, 
lim A(t) =p, Jj; ru A(t) =P. (1’) r + To 
This implies that if 
C,= U r(r,) 
p E s 
’ Here Pk and the Riemann sphere are identified via a: h + a/h. 
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and B* = 5 u Cs, then J. provides an analytic bijection of sj*/r and P& if 
we extend 2 to C, in the way suggested by (1’). 
It is safe to say that the above seductive results, which form but a por- 
tion of the full uniformization theorem, are not yet fully exploited. Only in 
the case card S= 3 has it been possible to obtain explicit knowledge of r 
and i. For example, when S= 10, 1, cc }, we may take f to be Z(2), where 
f(n) = EPSL2(Z)Ia=d=1,h-c-O(modn) 
the dot indicating the image in PSL,( R) of an element of SL,( R). And 
with I(2), we may take 1” to be given by 
where n is Dedekind’s function.’ Here, 
rp=p for pE{O, l,cc,}, yX= i T 
( ) 
To focus attention on what we have in mind in the way of applications 
to Gaiois theory (we have no good ones yet), we include in Section 6 a 
result which is proved by combining properties of the Schwarzian 
derivative with a nice result of Belyi [ 11. This result is meant to provide 
some evidence for the conjecture given in Section 6. For good measure, in 
Section 5 we toss in a proof of Belyi’s result, a result which raises some 
interesting group-theoretic questions. 
2. THE SCHWARZIAN DERIVATIVE 
If A is a subset of Ph, and ,f is a holomorphic function on A whose 
derivative does not vanish on A, the Schwarzian derivative of S on A is 
denoted by S, (,f) and is defined by 
(T E A). 
z See Section 4, where this well-known result is reproved. 
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Suppose that B is also a subset of Pk and 
A +LB a 
are conformal equivalences with 
gof=id,, fog=id, 
If r E A and z =f(r), it is a straightforward calculation, using the chain rule 
applied to gof, to check that the Schwarzian derivative has a certain lovely 
skew-symmetry, namely 
Since g’(z) = l/f’(r), we may rewrite this as 
S,(g)(z)= -‘;!;;r’ (z=f(t)~B). 
t (2) 
This is not so attractive as the skew-symmetry, but is amenable to 
calculation. We will apply (2) in several cases, in each of whichfwill be the 
restriction to A of one of the 1 appearing in (1 ), while A will be tailored to 
the conditions imposed by the uniformization of P&\S. 
If a is positive and zO E @, D,(z,) denotes the open disk of radius a cen- 
tered at z,,, and d,(z,) is the punctured disk in which the center is deleted. 
If Xc @, then X, CX and 8X denote the closure, complement and boundary 
of X in C, respectively. Also, d,( co) = {z E @l/z1 > R} is a punctured 
neighborhood of co. 
In the first case to be considered. we assume that 
c, r, R E [w, c < 0, R > 0, 
and we set 
Co = D - 1/2c~ n[ D-,.-I(r-c-‘)n[ DpC-l(r+cpl). 
The relevant picture in sj is 
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The interior of the region bounded by the heavy curves is Co. The Mobius 
transformation 
t = t,.,: 
1 
z+- 
C(T - r) 
carries C, conformally onto the open strip 
{x+iyl-f<x<;,y>R}, 
and so the map 
e,,,: @\{r> + @, T ~ r2"""' -I) 
carries C, conformally onto the slit disk OR(O)\{ x/ - R’ < x < 0}, where 
R’ = P-“~, Next, let 
CI =D--,/~<R niW,-, (T-C-~), 
c=c,uc,. (3) 
Under 4, C, is carried to { -f + l)il y > R}, and the image of C, under e,,, 
is {xl - R’<x<O}, whence it follows that e,,, carries C bijectively to 
b,.(O). As C is uniquely determined by c, r and R, we write C= C(c, r, R). 
Now suppose that A is holomorphic on C and AI, is an injection. In 
addition, we suppose that for some p E P&, p 4 I(C) and 
lim 2(z) =p, 
r-r 
where r tends to Y through values in C. 
Case 1. p E c. 
Let II/ be the inverse of e,,,l,. so that 
ijk d,.(O) + c. 
Then A 0 II/ is holomorphic and injective on d,.(O), while 
lim ,,, _ o Ao$(w)=p. Hence, for weds,, we have 
E.~$(w)=p+ f a,w”, (4) 
n= I 
and if we define IO G(O) =p, then ilo Ic/ is holomorphic on DR,(0) and is 
injective there. Hence, a, # 0. As 2 0 + is an open map, we get 
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for some positive E. Thus, if u E D,(p) and A 0 $(w) = u for some u’ E DR,(0), 
then 
u’= f h,,(u-p)‘z) 
,I= I 
where the power series converges for IU -pi < E. 
For each u’ E d,.(O), there is a unique t in C such that e,,,(r) = IV, and so 
by (413 
Ao$oe,,,(s)=p+ f a,, e,,, (5 I”. 
n= I
But Ic/ 0 (e,.,, 1 c) = id,, and so 
qT) =p + 2 a,, e27wdr II 
(T E c), 
II = I 
% 
e2ni/c(r--r)_ C b,, (i(T)-p)tr 
(TEC, j.(T)ED,:(P)). 
,,= 1 
If we use (5’) in (5) we get 
a,h, = 1, a,h2 + a,h: = O,..., 
whence 
h,=a, ‘, h2 = -azai 3,...,. 
(5) 
(5') 
(6) 
By construction, A(C) 3 d,:(p), and we let g be the map g: d,:(p) + C 
such that j.og= idb,,,,. Set 
A =g(fi,.(d), B= &:(I,), 
so that 
(E.I,)ng=id,, g”(jJa)=idA. 
Our aim is to determine the behavior of S,(g) in a neighbourhood of p. By 
(2) we have, for T E A and z = A(T), 
Since A c C, we may use (5). For k = 0, 1, 2 ,..., set 
A,(t) = fJ a,, nl‘ e,.,(r)“, 
II = I 
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j”(T) =p + A,(T), A,(t)‘= - 27rni Ak,, (T). c(5 
We compute that 
271i 
A’(T) = -7 
C(T -r) A,(T), 
hi 
i”(T) =------f A,(T)- 
47-c= 
C(T - r)- c2(r - r)4 A,(t), 
12Tci 
j.“‘(T) = --- 
(‘(T - r) A,(T)+ 
241r2 
c2( T - ry //2(r) + 
8n3i 
c’( T - Y y A,(T) 
and find that 
S,(g)(z)= -A3(~)A,(~)-3+$A2(t)2A,(~)p4, 
Using this equality, we obtain a Laurent series in e, ,I (t) for S,(g)(z). If we 
now use (5)’ and (6), we get that 
sBkM=;-& 
z 
-%+0(l). 
z- 
Cusr2. p= co. 
Here we find that for some positive R,, and some subset A of @, 
E.:A+d.,,( )’ co IS a conformal equivalence, and by a similar calculation, we 
get 
sh x,,I I , (g)(z)=~+O(z ‘1. 
Now that these results about the behavior of the relevant 2 in the 
neighborhood of YE R are pinned down, we omit the calculations 
appropriate to r = co, which are easier. 
As for !?J, if rCj E !jj and ;I is holomorphic in a neighborhood of ro, 
E,(T,,) E @ and i: D,,(t,,) -+ B is a conformal equivalence, we find that if 
3.“g= ids, then S,(g) is regular on B. Finally, suppose that 2 has a simple 
pole at z(,. Then for some E > 0, A: D,,(z,) + B is a conformal equivalence, 
and if g is the inverse map, we get that S,(g) is regular at co, the 
appropriate calculation being somewhat easier than the preceding one. 
However, in this case, it is relevant to check that not only is S,(g) regular 
at a, but that 
S/&(7 ,(g)(z) = O(z “). (7) 
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ac,t-‘+ 1 a,f” 
pf f ant” 
c a,!” 
“=” 
I 
a-,1 -‘+ c cl”/” 
J(:- P)~Z-a2a12(;-P)-‘+0(1) 
t--z+ O(- 3) 
t(-‘-P)~*-a*a,~(z-p)~‘+0(1) 
$z-Z+0(:-3) 
O(1) 
O(z- 4) 
It may be helpful to some readers to record the information just 
obtained, the relevance of which will be clear in the following section. In 
Table I, t denotes the local variable, c, r, w E R, c < 0, w > 0, and e, is 
defined by e,,,(r) = e2niriu’. In each case, g: B + A is a conformal equivalence 
and II A 0 g = id,, g 0 (11 A) = id,. Also, B is a neighborhood of a(~,) which 
may be punctured. As for the T - TV notation, logically it would be better to 
write id - to, but we succumb to tradition. 
3. q-‘) 
If 2 satisfies (l), then for each z0 E PL\S, A-‘(z,) = f(z,), where 
a(~,) = zO. Since f is discrete, and is a free group, there is a neighborhood 
N, of TV in 6 such that 
Thus, for each y E r, /z induces a conformal equivalence between y(N,) and 
Il(y(N,)) = L(N,). If g, is the inverse map, then S,,,, (g,) is defined. Since 
g,,(z) =y(gi(z)) (1 =id,), a basic and elementary property of the 
Schwarzian derivative [33 yields that 
S i.(Ng)(gy)=SI(Ng)(gl). 
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For each I? E Plz \S, we define S(1. ’ ) via 
S(~~‘)(z)=Si(No)(gl)(z) (z 65 4N,,)), 
and note that S(J ‘) is well-defined. By the last two rows of the preceding 
table, it follows that S(2 ’ ) is holomorphic on P& \ S. 
To study S(/z- ‘) in a neighborhood of p E S, let y,, be the unipotent 
element corresponding to the “loop around p.” Replacing y,, by y, ’ if 
necessary, we may assume that yP is one of the following: 
6) ( ‘y,-‘::‘)‘(c<o); 
(ii) (A ;‘)’ (w>O). 
(Actually, y,, itself is one of (i), (ii), but we do not need this here). 
Case (i). In this case, r is the unique fixed point of yP. If C = C(c, r, R), 
we may choose R so large that if T E C and y E f satisfy 
LED ,;2c.K(r-(i/2cR)) then y is a power of yp. Since 
D ,lZIR(r - (i/2cR)) is partitioned by the sets y;(C), m E 2, and since 
v; (C) n I$( C) # @ + m = n, the behavior of S(2 ’ ) is determined by the 
first two rows of the preceding table. 
Case (ii). The unique fixed point of yP is cc, and the local variable at cc 
is e,,., so that rows three and four of the preceding table give the behavior 
of S(k ’ ) in a neighborhood of 2( cc ) = p. 
For each pESnC, let m(p)=m,(p)= -a,a;*, where a,, a2 have the 
meanings in rows one and three of the table. I argue that 
S(Am’)(z)= 2 {t(z-p)~*+m,(p)(z-p)~‘} (8) 
pesnc 
for all z E Pk. Namely the difference between the left and right-hand sides 
remains finite on @ and goes to zero as z + co, whence is zero by 
Liouville’s theorem. 
In a neighborhood of cc, (8) gives 
S(C’)(z)= f 2. 
m=I z 
Let n = card S. 
Case 1. co 4 S. Here row six of the table gives 
ci, =o, a,=o, a,=o, 
and so the tuple (m(p)lp E S) depends on n - 3 parameters. 
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Case 2. cc ES. Rows two and four of the table imply that 
!x, =o, ci2 = 4, 
and so (m(p)Jp E Sn @) depends on (n - 1) - 2 = n - 3 parameters. 
4. 2 :o. I. x : AND s(i ,,t I, x ; ) 
Set 
J”o(T) = (rl (;)yw)“. 
We immediately see that 
and 
no(5)ccx, (9) 
So & (cc ) = co. We check directly that 3,,, 0 y = A0 for all y E Z(2), while 
This implies that Lo(O) = 0. The pole at co and the zero at zero are both 
simple, so (9) implies that Lo is a generator for the function field of 
5*/f(2). Since r(2) is a normal subgroup of PSL,(Z), it follows that 
i*,(T+ l)= alo(z) + P 
y&(z) + 6 
for some nonsingular (; $). Letting T go to co gives y = 0, so 
&(r+ l)=aA,(s)+h, a #O. 
Inspection of (10) shows that ~,(T)+&(T + 1) is regular at co, and since 
i,(s)+i,,(r+ l)=(a+ l)A,(z)+h, we get a= -1, so that 
&(‘)+E”“(z+ l)=hEuZ. 
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i,(z)=e ““-8+ f c,,e”“” 
n= I 
we get 
h= -16, 
C)? = 0 for all even positive integers n. 
Since &(O)=O, we get A,(l)= -16, and so 
is the unique generator for the function field of $*/f(2) with the property 
that A(p)=p for PE {0, 1, CD). 
We find that 
Since S(/! ‘) can be computed directly from the Fourier expansions of 3, at 
0 and at 1, and since S(A-l)(z) = ( 1/2z2) + O(z 3), we get a check on the 
calculations. We find 
a,(O)= -16, a,(O) = - 128, 
a,(l)= 16, a,(l)= 128, 
yielding the O-condition at co. Here, a,(p) is the coefficient of t” in the 
Fourier expansion of A at r =p E A - '(p), p E (0, 1 }. 
5. BELYI'S RESULT 
Let Q be the set of algebraic numbers. For each subset S of Q, let s’ be 
the set of all numbers which are algebraically conjugate to an element of S. 
Then SG S’ and S” is finite if S is finite. 
If S is a finite subset of Q, let J& be the set of all nonconstant f’(x) E 
Q[x] (X an indeterminate) such that 
(i) ,f(s) E { 0, 1 } for all SE S. 
(ii) If (~0 and.f’({)=O, then.f(t)E {0, l}. 
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Belyi’s result asserts, remarkably it seems to me, that & # 0. If S = 0, we 
may take f(x) = x, so suppose S # 0. 
Let %s be the set of all nonconstant S(x) E Q[x] such that 
(a) f(s) E Q for all SE S. 
(b) If ~EQ andf’(t)=O, thenf(l) 
To show that $I+ # 0, let 
Mx)= n (x-t))1 
ees 
and let n = deg ho = card s” > 1. Define inductively for r = 0, l,..., n - 1, 
polynomials h,(x) of degree n - r: 
If h,(x) is defined, s<n- 1, and 
then 
h,;(x) = c n (x - ()“‘5’, 
es0 
Clearly, if deg h,(x) = n - s, then deg h, + , (x) = n - s - 1. In particular, 
deg h,, ~ , (x) = 1. Next, for r = 0, l,..., n - 1, define H,(x) inductively by 
Ho(x)=k,(-~), H,+,(x)=k+,(H,(x)) 
=(hs+, 0 K)(x). 
Setting f(x)= H,,- r(x), the chain rule implies that if f’(r) =O, then 
f(r) E Q. Obviously, f(s) E Q for all s E S, so f~ 9Js. 
For each g E 9., define E, as follows: 
E,=g(S)u (s(t)ls’(5)=0). 
By definition of gs, E, is a finite subset of Q. Moreover, if a E Q x, b E Q, 
then g~~ssag+b~~s and E,,,,=aE,+b. 
Pick g, E %s such that d = card E,, is minimal. If d < 2, then ag, + b E & 
for suitable a, b. So we may assume that d > 3. Choosing a, b suitably, we 
may assume that 0, 1 E Ego, CE Eno, O< c< 1. Then 
m c=- 
m+n 
for positive integers m, n. Let k(x) = x”‘( 1 - x)~, and let 
g(x) = (k~&d(X) =g,(x)“(l -g,(x))“. 
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We check that if k’(r)=O, then <E (0, 1, c} GEM,), and so k(<)~.k(E&. It 
follows easily that g(x)E& and that E,ck(E,,). But k(O) =k( 1) =O, so 
card k(E,,,) < card E,,,. This contradiction shows that q7 # fzr. 
6. A CONJECTURE AND SOME EVIDENCE 
With limited but nonzero confidence, we advance the following conjec- 
ture: 
For each finite subset S of Q of cardinal 3 3, m,(s) E Q for all s E S, 
where ms(s) is given in (8). 
One value in Belyi’s result is that it enables us to prove the following: 
Each finite subset S, of Q is contained in a finite subset S, of Q u { cc } 
such that m,,(s) E Q for all s E S,, n @. 
To see this, let f(x) satisfy (i), (ii) of Section 5, with respect to S,, i.e., 
f(X)E&,. 
The Riemann surface of the equation f(x) - t = 0 defines a covering of 
P& (viewed as the t-line) which ramifies only on (0, 1, cc } and so produces 
for us a function p on 5j u Q u { m } which is meromorphic and satisfies 
f‘(P(~)) = 45) for all r E 5 u Q u { cc }, 
whereA=IblO,,,,I. If degf= n, then the stabilizer f,, of p in r(2) has index 
n in f(2). Since the Fourier coefficients of 1, at each cusp are algebraic 
(they are rational), and since ,f(x) E Q[x], it follows that the Fourier coef- 
ficients of p at each cusp (with respect to a local variable some power of 
which is the standard local variable for I(2) at the cusp in question) are 
algebraic. 
Let S, = p(Q u { cc }). Clearly, if A(r) = co, then p(r) = co. If A(r) E (0, 1 } 
andf‘(a)= n(r) then there is ~~f(2) such that (p~l~)(r)=a, which implies 
that p takes on the value a at y(r). Thus, 
and so S,?S,. 
On the other hand, the function field of $*/T,c is an extension field of 
C(I) of degree n. Since C)(p) 2 C(n) and [C(p): C(A)] = n, the function field 
of 5$*/r,, is C(p). Thus 
satisfies (1 ), and we are done. 
Even more mysterious, it seems to us, is the algebraic nature of the coef- 
ficients of the matrices a such that a E fs. Since fs is only determined to 
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within conjugacy in PSL,(R), to have a hope of asserting anything about 
the coefficients of CI, we need to see how to choose Ts from its conjugacy 
class. 
APPENDIX 
The referee has pointed out the following facts: 
(1) The statement hat “only in the case card(S) = 3 has it been 
possible to obtain explicit knowledge of r and A” is inaccurate, since 
Schwarz obtained explicit knowledge of A in terms of hypergeometric 
functions in certain cases with card(S) = 4. 
(2) The most important property of the Schwarzian derivative is that 
Y(I.of(z)) = Y(f(z)) for all i E PSL(2, C) so that Y(n,,- ‘) can be defined. 
The skew symmetry is an immediate consequence of an equally attractive 
chain rule. 
(3) It would seem likely that Schwarz was aware of the formula (8). 
(4) The proof given in Section 5 is also available in Serre’s notes [4]. 
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